Double coverings of toric singularities
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Abstract

We show that all simple elliptic singularities, two dimensional cusp singularities of restricted
type and certain higher dimensional singularities, are double coverings of toric singularities. As an
application, we give a process of determining defining equations and calculating plurigenera of such
singularities.

Let N = Z" for an integer r greater than 1. Let o be an r-dimensional rational polyhedral convex
cone in N and let Y be the corresponding toric singularity. Let M = Hom(N, Z) and let ¢ be the dual
cone of 0. For an element P in C[o¥ N M| the normalization W of the subvariety of Y x C defined by
w? — P = 0, is a double covering of Y. We give in Section 1, a resolution of singularities of W and in
Section 2, a process to determine defining equations of W for P satisfying a certain condition. In Section
3, we show that all simple elliptic singularities and ’symmetric’ two dimensional cusp singularities are
obtained as above W, and determine defining equations of some examples, where ’symmetric’ means
that the weighted dual graph of the exceptional set of the minimal resolution has an automorphism of
order 2 with fixed points. In Section 4, we give a necessary and sufficient condition for W to become
Q-Gorenstein or log canonical. In Section 5, in the case that W is an isolated singularity, we give a
process of calculating plurigenera and ks defined in [2] and [5]. We also give examples of singularities V
with 1 < ks < dim V' — 2. We use notations in [3], freely. However, we denote by €™ instead of e(m), the
character of an element m in M.

1 Toric singularities and their double coverings

Let N and M be as in Introduction, and let { , ): M x N — Z be the natural bilinear map. Let o be
an r-dimensional rational polyhedral convex cone in N. Then the dual cone ¢¥ := {z € Mg | {z,y) >
0 for y € o} of o is also an r-dimensional rational polyhedral convex cone. Let ¥ be a non-singular fan
in N with |¥| (= U,cxy7) = 0 and let X(i) = {7 € ¥ | dim7 = i}. Let Y = Tvemb({faces of o})
(= SpecCloY NM]), yo = orb(s), ¥ = Tyemb(X) and let 7 :Y — Y be the natural projection. Then
Y is non-singular, Y \ Ty = > rex) V(7) and the exceptional set of m is £ := | | 5, orb(r), where

V(1) = orb(7), Lin = {7 € £ | 7 £ o}. For a cone 7 in X, we denote by 7 the minimal face of o containing
7, and by () the restriction of 7 to V(7). We see by [3, Theorem 1.15] that fibers of 7(7) : V(1) — V(7)
are compact. In particular, V(7) is compact, if and only if ¥ = o. In the case that dim7 = dim 7 + 1,
generic fibers of m(7) are biholomorphic to P'. Let ¥ = {r € ¥ | 7 = o} and let E. =[] c5_orb(r).
Then 7~ (yo) = Ek.

Let K be a finite subset of M No¥ \ {0} with |K| > 2 and let Min(K, u) = min{(m,u) | m € K} for an
element v in N. Let u, be the primitive element in N spaning 7 for a 1-dimensional cone 7 in 3. Then

for an element m in M, the character e™ has zero of order (m,u,) along V(7). Let P =3 . cne™

for non-zero complex numbers c¢,,. Then there exists a divisor B in Y containing no common divisors in
Y \ Ty such that
(P)=B+ Y Min(K,u;)V(7).
rex(1)



Let 7 # {0} be a cone in ¥ and let p be an r-dimensional cone in ¥ containing 7. Then there exists a
basis {u1, ug, ..., ur} of N such that 4 = R>ou; + -+ R>our, 7= R>ous + -+ + R>ous (s = dim 7).
Let {v1,v2,...,v,.} be the basis of M dual to {u1,us,...,u,} and let z; = €. Then z; vanishes along
V(r) for 1 <1 < s. Since e™ = zfmﬂ“) e zﬁm’u” for any element m in M,
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where a; = Min(K,u;) and K(7) = {m € K | (m,u;) = Min(K,u;) for 1 < i < s}. For each element
m in K \ K(7), in s integers (m,u1) — a1, ..., {m,us) — as at least one is positive. Hence the following

holds.

Proposition 1. For a cone 7 # {0} in %, if K(7) # 0, then V(1) ¢ B, and if |K(7)| = 1, then
orb(r) N B = 0.

Proposition 2. Let 7 be a cone in ¥. If dim7 = dim7 + 1 and |K(7)| > 2, then a generic fiber of
7(7) intersects B at max{(m,u) | m € K(7)} — min{(m,u) | m € K(7)} points, where w is one of the
two primitive elements in N such that T + Rx>ou is a cone in ¥ contained in 7.

Proof. We can take the above u and a basis {u1,uz,...,u,} of N so that 7 = Rsous + --- +
R>ous, usy1 = u. Hence the proposition holds, because the restriction of 7 to orb(r) is expressed as
(Zs41y -+, 2r) ¥ (Zs42,. -, 2r), where z; = €t for the basis {v1,...,v,} of M dual to {uq,...,u.}. O

Let W and W be the normalizations of the hypersurfaces
{(y,w) €Y x C| P(y) —w? =0} and {(y,w) €Y x C| P(y) —w? =0}

of Y xC and Y x C, respectively. Let p: W — Y, p: W — Y and A : W — W be the natural projections.
Then p ramifies along B and V() for 1-dimensional cones 7 in ¥ with odd Min(K, u,). F:=p~1(E) is
the exceptional set of \. Let F. = p~1(E.).

Theorem 3. If K and {c,, | m € K} satisfy the following conditions (i), (ii) and (iii), then W is
non-singular and F' is normal crossing near Fr.

(i) K(1) # 0 for all cones T in ¥ with dim7 > 1.

(ii) For any 1-dimensional cone 7 in X, if Min(K, u,) is odd, then 7 £ o, |K(7)| = 1 and Min(X, u,,)
are even for all 1-dimensional cones p in ¥ with 7+ p € 3(2).

(iii) For T € X, if |K(7)| > 1, then orb(t) N B ( = {y € orb(7) | X2, cx(r)cme™ ™ (y) = 0} ) is
non-singular, where my is an element in K (7).

Proof. Irreducible components of the ramification divisor of p do not intersect each other, by the
conditions (1), (ii) and Proposition 1. Moreover, B is non-singular near F. and intersects F transeversally,
by the conditions (i) and (iii). O
2 Defining equations

Let o, 3, K be as in the previous section. Let

J={meM|2m+K cCo',2m+ K ¢ 2m' +o" form’ € oV N M\ {0}}.



For an element m in M, 2m + K C ¢V, if and only if (m,u,) > f%<v,u7> for all v in K and all

1-dimensional faces 7 of 0. Hence J ={m e CNM | m—m' € C for m' € ¥ N M \ {0}}, where
1
C={meMn | (mur) > f§Min(K, ur) for 7 € o(1)}

and o(1) is the set of 1-dimensional faces of o.

Proposition 4. J is a non-empty finite set.

Proof. Since C D ov, J # 0. Let a;(r) = min{{(m,u,) | m € C N M} for each 1-dimensional
face 7 of 0. Choose an element m, in C N M with (m,,u,) = a1(7) and let J1 = {m, | 7 € o(1)}.
Let bi(7) = max{(m,u,) | m € Ji}. If an element my; in C N M satisfies (mq,u,) > bi(r) for all
1-dimensional faces 7 of o except one face y, then m; is in m, + 0”. Hence for each element my in

(C\Upes, m+0c") N M, there exist two 1-dimensional faces T and p of o satisfying (ma,u,) < bi(7)
and (ma,u,) < bi(p). Let

M(t,p,c,d) ={meCNM| (m,u,) =c,(m,u,) =d}
for two 1-dimensional faces 7, u of o different to each other and two integers ¢, d, and let
I(1,p) = {(c,d) € Z° | a1 (1) < ¢ < bi(7), ar(p) < d <bi(u), M(7,p,c.d) #0}.
For each element (c,d) in I(7, 1), choose an element m(7, u, ¢, d) in M (7, i, ¢, d), and let
Jy =1 U U {m(r,u,c,d) | (e,d) € I(T,u)}.
ru€o(1),rEn

Let ba(7) = max{(m,u,) | m € Jz}. If an element mo in C N M satisfies (ma,u,) > ba(7) for all
1-dimensional faces 7 of o except two, then mqy € Ume]2 m + oV. Repeating these process, we have

I\ o)1 € (C\Unmes,yam+0’) N M C{me M| a(r) < (m,ur) < bjory—1(7) for 7 € o(1)}.
Since o is r-dimensional, {m € Mg | a1(7) < (m,u;) < bjp(1)—1(7) for 7 € (1)} is compact. Hence J is
finite. O

In the case r = 2, we can determine J, as follows: Let ag(7) = min{(m,u,) | m € C N M} for a
1-dimensional face 7 of 0. Let 7, u be the 1-dimensional faces of 0. Let mg be the element in M satisfying
(mo, ur) = ao(7) and (mo,u,) = bp := min{(m, u,) | m € C N M, (m,u;) = ap}. Then mo € J and if
bo = ap(p), then J = {mo}. When by # ao(u), let

ar = min{(m,u;) | me CNM, (m,u,) <bo}, by =min{(m,u,)|meCNM, (mu-)=a}.

Let m; be the element in M satisfying (mi,u.) = a1 and (mi,u,) = bi. Then my € J. If by = ao(p),
then J = {mg, m1}. If by # ao(n), then repeat this process.

Assume that K and {c¢p}mek satisfy the conditions (i), (ii) and (iii) in Theorem 3 and let P =
> ek cme™. Let J = {my,...,my} and let P; = > P. Then P, € Clo¥ N M]. Let Q; ; = e™ ™ P
for 1 <i<j<k. Then Q;; € Clo¥ N M], because m; + m; + K C o¥. Let

Lij={led"nM|l+mi—mj€a’,{l,l+mi—m;} ¢ m+0c" formeao’NnM\{0}}

for 1 <i < j < k. We can prove the following in a similar manner as in the above proof.

Proposition 5. L; ; is a non-empty finite set.



Let

W = {(gwr,...,wn) €Y x C* | Py) —w! =0for 1<i<k,
Qii(y) —wyw; =0for 1 <i<j <k,
el(y)wi _eleri*mj (y)w] =0forle Li,jal <i <,7§ k}

In the case r = 2, we can eliminate overlappings in the above equations as follows: Let 7, u be the 1-
dimensional faces of . We can take sufficies of elements m; in J so that if ¢ < j, then (m;, u,) < (m;,u.)
and (m;,u,) > (mj,u,). When j > i+1, (I, u,) > 0forl € L; j,0 < h < j—i, where l, = l4+m; —myp.
Moreover, (lp,ur) > 0, because (l;_;,u,) > 0. Hence there exist elements I}, and I} in L;yp i+n+1 and
o¥ N M, respectively with I, =1} + 1} for 0 < h < j — 4, because lj, is in 0¥ N M. Since

l l

elw; —eli—iw; = (e

w; — el wir) 4+ (€M wiry — ePwige) + -+ (i w g — elimiwy)
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and elhwi+h—elh+1wi+h+1 =eln (elh wi+h—elh+mi+h_mi+h+1wi+h+1), we can eliminate elw; —eltmi—m; w;
for all elements ! in L; ;, if j > ¢ + 1.

Theorem 6. Above W' is normal and the natural projection W' — Y is a double covering with the
covering transformation i : (y, w1, ..., wx) — (Y, —wi, ..., —wg).

Proof. Let y be a point in Ty and let w; be a complex number with w? = P;(y). Then

e (y) ) e (y) )
em(y) T em(y)

is a point on W’ and any point on W/ := (T x C¥) N W' is expressed in this way. Hence it suffices to
show that T’ is normal.

Let ¢ : W/ — W’ be the normalization of W’ and let i be the automorphism of W’ with goi =ioq.
In the following, we show that for any holomorphic function f on W’ there exist elements fo, fi, ..., fx
in C{o¥Y N M} with f = fo + Zle fiw;. Let fo = %(f +i*f) and let f' = %(f —4*f). Then fp is in
C{ocVNM} and i* f' = —f’. Hence f’/q*w; is a meromorphic function on Y with poles only along Y\ Ty .
Therefore, there exists an element mq in ¥ N M such that €™ f’/q*w; is holomorphic. Hence there exist
a subset M’ of M and non-zero complex numbers ¢, for m in M’ such that f'/q*wi = 3 .\ cme™.
Let m be an element in M’. Since €>™ P is in C[o¥ N M|, 2m+2m; + K C o¥. Hence m +m; = [ +m;
for elements m; in J and [ in ¢ N M. Therefore, there exist subsets M/ of M’ for 1 < i < k such that
M’ = M{U---UM, and m+mq —m, is in ¥ for any element m in M/. Let f; = ZmeM; €M T
Then f; is in C{o¥ N M} and f/ = 2% | fiw;.

Let I be the ideal of Clo¥ N M][w1,...,wx] generated by P; — w? for 1 < i < k, Qi,; — wyw; for
1<i<j<kandew —etmi—miw; for | € L;;, and let f be an element in Clo¥ N M][ws, ..., ws].
We show that if f =0 on W, = (Ty x C¥) N W', then f is in I. Since P, — w?,Q;j — wyw; € I, there
exist elements g in T and fo, ..., fx in Clo¥ N M] with f — g = fo+ fiw1 + -+ + frwy. Clearly, fo =0
and [’ := frwi +- -+ frwr = 0 on W{. Since €™ w; = €"iw; on W, e wi f' = P Zle e™i f;. Hence
Zle Civ—m; = 0 for each v in ¥ N M, where ¢; ,, are coefficients in the sum f; = > ¢; ,e”. On the other
hand, if v; + m; = v; + m; for elements v;, v; in 0¥ N M, then eiw; — e%w; is in I. Hence f’ isin I. O

(yawla

The ramification divisor of the double covering W/ — Y is equal to that of p: W — Y. Hence W’ is
biholomorphic to W. Clearly, the following holds.

Proposition 7. J = {0} if and only if Min(K, u,) = 0 for all 1-dimensional faces T of o.

If the condition in the above proposition holds, then {(y,w) € Y x C | P —w? = 0)} is normal, by
Theorem 6.



3 Simple elliptic singularities and two dimensional cusp singu-
larities

In this section, we restrict ourselves to the case r = 2. A simple elliptic singularity is a two dimensional
singularity the exceptional set of whose minimal resolution consists of an elliptic curve and the complex
structure depends only on that of the curve and the self-intersection number (see [1]).

Theorem 8. Any simple elliptic singularity with E? < —2 is a double covering of a toric singularity,
where E is the exceptional set of the minimal resolution. If E? is even and E is biholomorphic to the
double covering of P! ramifying at 0, 1, co, 7, then the defining equations are

zizj — zig12-1 =0 (1 <i,i+2<j<a+1), 27 +7z7 1 +zl,—w;=0(1<i<a-1),

zizj+'yzi+1zj+1+zi+gzj+27wiwj =0 (1 S 1< ] S afl), R+1W; — RpWi41 = 0 (1 S ) S a—2, 1 S k S a),

where a = —1E? and v = —2(1+7)/(1 — 7). If E? is odd and E is biholomorphic to the double covering
of P! ramifying at 0, 1, oo, T, then the defining equations are

212i—252i1=0B<i<a+1), zizj — Zit12j-1 =0 (2 <4,i+2 < j<a+1), zlJr'yz%Jrzg—w%:O,

Zizit1 FY2 T2 —w] = 0(2 < i < a—1), zip12j+yzit1 2z T 2ipezjre —wiwy = 0(1 < i < j < a—1),
zow; — zwip1 =0 (1 <i<a—2), zppw — zpwip1 =0 (1<i<a—22<k<a),

where a = %(7E2+1) and «,  are complex numbers satisfying f(a+ )+ (a+8)(ar+8)+(ar+8)8 = 0,
Bla+p)ar+p)=—-1andy=—(14+71)a— 30.

Proof. Let a be an integer greater than 1. Let 0 = R>o'(—1,1) + R>¢'(1,a — 1) and let
¥ = {faces of R>¢'(—1,1) + R>¢"(0,1) and R>0"(0,1) + R>0"(1,a — 1)}.

Then K = {(2,2),(0,2), (—2,2)} satisfies the conditions (i) and (ii) in Theorem 3. Min(K,u,) are even for
all 1-dimensional cones 7 in X. |K(7)| = 1 for all cones 7 in ¥ except R>0%(0,1). We see by Proposition
2 that B intersects V(Rx>0%(0,1)) at 4 points. Hence F. = p~}(V(R>0%(0,1))) is an elliptic curve with
the self-intersection numer —2a. 0¥ N M is generated by (1,1), (0,1), ..., (—a+1,1). Hence the defining
equations of Y are z;z; — zi412j—1 = 0 for 1 <4,i+2 < j < a+1, where z; = e=*2D for 1 <i < a+1.
We easily see that J = {(0,0),(—1,0),...,(—a+2,0)} and L; ;+1 = {(0,1),...,(—a+ 1,1)}. Let 79, p
be complex numbers satisfying 75 = 7, u? = (1 + 70)/(1 — 79) and let 7 be as in the theorem. Then
the transformation z — pu(z — 10)/(z + 7o) maps {0,1,00,7} to the roots of 2% + 722 + 1 = 0. Let
C(2,2) = C(—2,2) = 1, ¢(0,2) = 7. Since 2% + 422 +1 = 0 has no multiple root, the condition (iii) is satisfied
and the exceptional set F, of ) is biholomorphic to the double covering of P! ramifying at 0, 1, co, 7.
Let 0 = R>0(—2,1) + R>¢'(1,a — 1) and let

¥ = {faces of R>¢"(—2,1) + R>¢'(—1,1), R>¢"(—=1,1) + R>"(0,1) and R>0"(0,1) + R>0’(1,a — 1)}.

Then K = {(1,2),(0,2),(—2,2)} satisfies the conditions (i), (ii) and Min(K,u,) are even for all 1-
dimensional cones 7 in ¥ except R>¢’(—1,1). We see by Proposition 2 that the exceptional set F, =
P H(V(R>0'(—1,1)) + V(R>0%(0,1))) of X consists of an elliptic curve with the self-intersection num-
ber —2a and a rational curve with the self-intersection number —1 intersecting at a point. Hence the
exceptional set of the minimal resolution is an elliptic curve with the self-intersection number —2a + 1.
oV N M is generated by (1,2), (0,1), (=1,1), ..., (—a + 1,1). Hence the defining equations of Y are
1% —z%zi_l =0for 3 <i<a+1and zz; — 241251 = 0for 2 < 4,0 +2 < j < a+ 1, where
21 = el 2 = (71421 for 2 < i < a4 1. We easily see that J = {(0,0),(=1,0),...,(—a +2,0)} and



L1 = {(0,2),(-1,1),...,(—a + 1,1)}. Let a, B, v be as in the theorem. Then the transformation
z + az + f maps oo to itself and {0,1,7} to the roots of 2° + 2% +1 = 0. Let ¢(19) = ¢(_a2) = 1,
C(0,2) = - Since 2% +~2%+1 = 0 has no multiple root, the condidtion (iii) is satisfied and the exceptional
set is biholomorphic to the double covering of P! ramifying at 0, 1, oo, 7. (]

The exceptional set of the minimal resolution of a 2-dimensional cusp singularity is a cycle E1+- - -+ Ey
of rational curves or a rational curve F4 with a node. Here if k > 2, then E; - E;1; = 1 for 1 <i < k and
Ey-E; = 1. While, if K = 2, then E;-FEs = 2. The complex structure depends only on the self-intersection
numbers E?. Let a; = E? — 2, if k=1 and let a; = E?, if k > 1.

DEFINITION. We say that a 2-dimensional cusp singularity is symmetric, if there exists a map g : Zy —
Zy, satisfying g? = id, g(i + 1) = g(i) — 1 and ay(;) = a;, where Zy = Z/kZ.

If £k =1 or 2, then any cusp singularity is symmetric.
Proposition 9. Any symmetric 2-dimensional cusp singularity is a double covering of a toric singu-

larity.

Proof. In the case k > 2, we may assume that k is even and a; = ag42—; for 2 <i < k/2, if necessary

shifting the suffices of a1, ..., ar, and inserting —1 and reducing two integers on both sides, i.e., changing
ey @i—1, Gy Qig1, G2y -.. t0 ..o @i—1, @ — 1, —1, a;41 — 1, a;42, ... . In the case k = 1, we change
a; to —1, a; — 2. Then all integers except a1 and ay o1, are smaller than —1 and if a1 = —1 (resp.

apja+1 = —1 ), then ag < =2 (resp. ag/y < —2).
Let | = k/2+1, k/2+42 or k/2+3, accordingly as the number of odd integers in {a1, az 241} is equal to

0, 1 or 2. We define the sequence by, ..., b; as follows: If a; is even (resp. odd), then by = a1/2, by = aq,
. (resp. by = =2, by = (a1 —1)/2, b3 = ag, ...). If ap/o4q is even (resp. odd), then by = ap/241/2,
bi—1 = a2, ... (vesp. by = =2, bj_1 = (agj241 — 1)/2, bi_2 = ay2, ...). There exist elements ug, u1,

.oy U1 of N = Z? such that {u;,u;+1} are bases of N for 0 < i <[ and that u;_1 + bju; + u;+1 = 0 for
1 <4 <. Then o = R>oup + R>oui+1 is a strongly convex cone and

Y = {{0},R20ui,R20’u]‘ + R>otjt1 | 0<i<I+1,0<;5< l}

is a non-singular fan with |3| = o. Let mg be an element in 2M with (mg, ug) > 2, (mo, w41) > 2. Let mq
be the element in M such that (mq,ug) = (mo,up) —2, (M1, u1) = (Mg, u1) (resp. {(my,us) = (Mg, uz)), if
ay is even (resp. odd), and let ma be the element in M such that (mo,u;41) = (Mo, wi+1) — 2, (Mo, u;) =
(mo, ur) (resp. (ma,u—1) = (Mo, u—1)), if ay/o41 is even (resp. odd). Then K = {mqg, m1,ma} satisfies
the conditions (i), (ii) in Theorem 3. If a; is even (resp. odd), then Min(K,u;) is even (resp. odd).
If ap/o41 is even (resp. odd), then Min(K,u;) is even (resp. odd). Min(K, u;) are even for i # 1,1.
|[K(7)] > 1 only for 7 = Rsouy (resp. Rsouz) if a1 is even (resp. odd) and for 7 = Rxou; (resp.
R>ou;—1) if ag/o41 is even (resp. odd). Let E; = V(R>0u;). ¢my = Cm, = Cm, = 1 satisfies the condition
(iii). If ap is even, then B intersects E; at 2 points. If a1 is odd, then B intersects Eo at 1 point. If
ar/o4+1 is even, then B intersects F at 2 points. If ay/s4; is odd, then B intersects E;_1 at 1 point.
Moreover, p~(E;) (resp. p~'(E;)) is a exceptional curve of the first kind and hence contractible, if a;
(resp. ay /24+1) is odd. Thus we obtain a desired double covering. ]

We give examples for £ =1 and a1 < —4.

Example 1. Let a; be an even integer smaller than —5 and let a = —a;/2+ 1. Then [ = 3, by = —2,
by = —1, b3 = —a in the above proof and we can take

on () (3o (3o () (1)

K = {mo = (0,2),m1 = (3,3),m2 = (—2,2)}. Min(K,u,) are even for all 1-dimensional cones 7 in X
except R>oui. B intersects V(R>ouz) at 1 point and V(R>ous) at 2 points(see Figure 1). If we con-



tracts the exceptional curves of the first kind in F,, then F,. becomes a rational curve with a node and the
self-intersection number is —2a+4. 0¥ NM is generated by v = (1,1), v2 = (0,1), ..., va—1 = (—a+3,1).
Hence the defining equations of Y are z;2; — 2;412;-1 = 0for 1 <4, i+ 2 < j < a— 1, where z; = e"i.
We easily see that J = {(0,0),(-1,0),...,(—a +4,0)} and L;;+1 = {ve,...,ve—1}. Hence the defin-
ing equations of W’ are the above ones for Y and 2127 + 22, + 22, —w? = 0for 1 < i < a—3,
21225 + Zig1%2j41 + Zigozjye —wiw; =0 for 1 <i < j < a— 3, 2p1w; — 2pwipr = 0 for 1 < i <a —4,
1<k<a-2.

the ramification divisor the ramification divisor
’ B ’ B
— =2 —2a —
-2 AN -1 -2 —2 —
Na Figue 1 Figure 2

Example 2. Let a; be an odd integer smaller than —4 and let a = (—a1 +3)/2. Then ! =4, by = -2,
by = —1, bg = —a, by = —2 in the above proof and we can take

wm () (3 )= (3o (o= (1) (w2

K = {mo = (0,2),m; = (3,3),m2 = (—1,2)}. Min(K,u,) are even for all 1-dimensional cones 7 in
Y except R>ou; and R>oug. B intersects V(R>ouz) and V(Rs>ous) at 1 point(see Figure 2). If we
contract the exceptional curves of the first kind in F., then F, becomes a rational curve with a node
and the self-intersection number is —2a + 5. oY N M is generated by vy = (1,1), v2 = (0,1), ---,
Va—2 = (—a+4,1), vg—1 = (—2a + 7,2). Hence the defining equations of ¥ are z;z; — zi412—1 = 0
for1 <4,i+2<j<a—2, z24-1— zing_Q =0 for 1 < i < a— 3, where z; = €. We easily
see that J = {(0,0),(—1,0),...,(—a + 4,0)}, and L;i+1 = {va,...,V4-2,0q—1}. Hence the defining
equations of W’ are the above ones for Y and zlzf + zi2+1 + Zit1Zit2 — wi2 =0forl <i<a-—4,
zlz(ig + zgfg + zq-1 — w§73 =0, 212i2j + Zix1%2j+1 + Zit22j41 —wjw; = 0for 1 <7 < j < a—3,
Zhp1w; — zgwip; =0for 1<i<a—4,1<k<a—3, zg_1w; — 22_swip1 =0for 1 <i<a-—4.

Some of the quotients by finite cyclic groups are also double coverings of toric singularities.

Example 3. Let a be an integer greater than 1. Let 0 = R>ou; + R>ous and let

n= ()= (0 ) m= (1) = (W) = (as)

Then ¥ is a non-singular fan with |X| = o and K = {(0,4), (2,4)} satisfies the conditions (i), (ii) in
Theorem 3. The exceptional set F' is as in Figure 3. If @ = 2, then ¢V N M is generated by v; = (1, 2),
vg = (0,1), v3 = (=1,2), and J = {(0,0),(=1,0)}, L2 = {(0,2),(—1,2)}. If we set c(g4) = c24) = 1,
then Py = 22 + 25, Py = 25 + 22, Q1.2 = 2122 + 2223, and the defining equations of W’ are 2123 — 25 = 0,

P, — wf =0fori=1,2, Q12— wiws =0, z%wl — z1we = 0, 23wy — z%wg = 0, where z; = e":.

where

Example 4. Let a and b be integers greater than 1. Let 0 = Ryoui + Ryour and let ¥ =
{{0},R20ui,R20uj + Rzouj+1 | 1<:<7,1<5< 6}, where

21 b (-1 A
uy = 2% — 3 , U2 = b—1 , U3 = 1 , Uq = 1 )



. 1 . a . 2a — 1
W=\ )= ag-1 )"\ 2a-3 )"

Then ¥ is a non-singular fan with |X| = ¢ and K = {(-2,6),(—1,5),(0,6)} satisfies the conditions
(i), (ii) in Theorem 3. The exceptional set is as in Figure 4. If a = b = 2, then ¢ N M is generated
by v1 = (-1,3), va = (0,1), v3 = (1,3) and J = {(0,0),(1,0)}, L1> = {(0,3),(1,3)}. If we set
C(~2,6) = C(—1,5) = C(0,6) = 1, then P = 23+ 2128 + 25, Po = 2§ + 2323 + 22, Q12 = 2125 + 25 + 2523,
where z; = eV, The defining equations of W' are 2123 —25 =0, P,—w? = 0for i = 1,2, Q1,2 —wjwy = 0,
zgwl — z1we =0, z3w1 — zg’wg =0.

Example 5. Let a be a positive integer. Let 0 = R>ou1 + Rx>oug and let £ = {{0}, R>ou;, R>ou; +
R>oujir | 1 <i<6,1 <j <5}, where

am(3)omm () () () (1) ()

Then ¥ is a non-singular fan with |X| = o and K = {(2,6), (1,6)} satisfies the conditions (i), (ii) in
Theorem 3. The exceptional set F is as in Figure 5. If a = 1, then ¢¥ N M is generated by (1, 3), (1,4),
(1,5), (1,6), and J = {(0,0)}. If we set c(2,6) = ca1,6) = 1, zs = e(1:2+9) then the defining equations are
2123 — 25 =0, 2124 — 2023 =0, 2024 — 25 =0, 27 + 24 — w? =0.

2
—2a

—92| -2 ) —2a+1 —2

Figure 3 Figure 4 Figure 5

4 Log canonical singularities

Let 0, ¥, K, {¢m}mer, p W =Y, D ‘W — Y and Min(K,u) be as in Section 1. Assume that K and
{em }mek satisfy the conditions (1), (ii) and (iii) in Theorem 3.

Theorem 10. If ¥ and K satisfy the following condition (iv), then W is Q-Gorenstein near p~!(yo).

(iv) There exists an element mg in Mq with (mo,u,) = 2 + Min(K, u,) for all 1-dimensional faces T
of o.

Moreover, W is log canonical, if the following condition (v) holds.

(v) {mo,u,) > Min(K, u,) for all 1-dimensional cones T in .

Proof. Let (z1,22,...,2-) be a global coordinate of Ty and let w = (dz1/21) A -+ A (dzy/z;). Then
w has poles of order 1 along Y \Tn. p* (w®2 / P) is a double r form, which is holomorphic and nowhere
vanishing on p~!(Ty). Let k be a positive integer with kmg € M. If Min(K,u.) is even (resp. odd) for
a 1-dimensional cone 7 in X, then @ : = p* (e¥™0w®2k / P¥) has zeros of order

k(mo,u,) — 2k — kMin(K, u,) (resp. 2k{mg,u,) — 2k — 2kMin(K, u,))
along p~(orb(7)). Hence @ is holomorphic and nowhere vanishing on W\ 5~(E), if (iv) holds. Moreover,
@ has poles of order at most 2k along p~!(orb(7)), if (v) holds. O
All examples in the previous section satisfy the above conditions (iv) and (v).

Example 6. Let » = 3 and let {e;,e2,e3} be a basis of N. Let a be an integer greater than 1
and let 0 = R>o(ae; + e3) + R>p(aez + e3) + R>pes. Then o N M is generated by e}, e}, e and



—e] — e} + ael, where {e7, e}, e}} is the basis of M dual to {ej1, ez, e3}. Hence the defining equation of
Y is 212025 — 2§ = 0, where 29 = €%, 21 = €°®1, 2o = €°2 and z3 = € ©1 72T et

Y = {faces of R>of(i,j) + R>of(i + 1,j) + R>of(i,j +1) [ 0<i,0<j,i+j<a—1}
(J{faces of Rxof (i, §) + Rxof (i — 1,5) + Rxof (i, — 1) | 1 <i,1 < j,i+j < a},

where f(i,j) = ie; + jes + e3. Then ¥ is a non-singular fan with |X| = 0. Let K = {2e},2e] +
2e},2ae} — 2e7,2ae} — 2e5} and let ¢, = 1 for all elements m in K. Then the conditions (i), (ii) and
(iii) in Theorem 3 hold, and mg = 2e} satisfies the conditions (iv) and (v) in the above theorem. Hence
W is log canonical. By Proposition 7 and Theorem 6, the defining equations of W are the above one for
Y and 22 + 2723 + 2222 + 2222 —w? = 0.

5 Plurigenera of isolated singularities

We keep the notations and the assumptions in the previous section.

Proposition 11. p~(yo) is an isolated singularity of W, if all proper faces of o are non-singular and
elements in ¥.

Proof. yo is an isolated singularity of Y and the restriction of 7 to Y \ 7 1(yo) is biholomorphic,
by the assumption. Since the branch locus of the restriction of p to p~1(U) is non-singular for a small
enough neighborhood U of 77 1(yo), so is p~ (U \ 7~ (yo))- O

We recall the definition of the plurigenra 6;(V,p), di(V,p) and ks(V,p) defined in [2] and [5] for an
isolated singularity (V,p). Let m: (U, E) — (V,p) be a resolution and assume that the exceptional set E
is normal crossing. Let

&(V,p) = dim H*(V \ {p}, Ov (IKv))/H*(U, Oy (IKy + (1 — 1)E)),

di(V,p) = dim H*(U, Oy (IKy + 1E))/H(U, Oy (IKy + (1 — 1)E))

for positive integers I, where Ky and Ky are the canonical divisors of V' and U, respectively. xs(V,p) =
—o0, if 6;(V,p) = 0 for all [. In the other cases, ks and k4 are increasing order of §;(V,p) and d;(V, p),
respectively. 6;(V,p) = d;(V,p), if kg <r —2.

In the following, we assume that p~*(yo) is an isolated singularity of W. We denote by o (i) the set
of i-dimensional faces of o. For an element p in 3(1) \ o(1), let

S(p)={ve Mr| (v,u;) > 1+ %Min(K, ur) for V7 € o(1), (v,u,) < %Min(K, up)}

and let S = U, ex1)\0(1) (k). Note that S(x) is a bounded convex set whose vertices are rational points,
if non-empty.

Theorem 12. If S = (), then ks(W,p~1(yo)) = —oo. If S # 0, then ks(W,p~1(yo)) = dim S. If
1 <dim S < r, then & (W,p~(yo)) = di(W,p~ (y0)) = |IS N M|. In particular, p, = |S N M|.

Proof. Let w be a function on W with w? = p*P. Let (z1, 22, ..., 2:) be a global coordinate of T and
let w = (dz1/21) A+ - A(d2/2-). Then p*w®! /w! is an [-ple r-form which is nowhere vanishing on 5~ (T)
and has poles only along W \ p~1(T). Hence fuw!/p*w®! is a holomorphic function on W \ {p~'(y0)}
for an element 0 in HO(W \ p~*(yo), Ow (IKw)). If Min(K,u,) is even (resp. odd) for 7 € (1), then
e’p*w® /w! has zeros of order (v, u,)—I—LMin(K, u,) (resp. 2(v,u,)—!—IMin(K, u,)) along p~*(orb(r)),
and is holomorphic on 5~1(T) for v € M. Hence e’p*w®! /w! is contained in H®(W\p~!(yo), Ow (IKw))



and not contained in HO(W, O (1K + (I = 1)F)), if and only if v € IS. Since the vertices of S(u) are
rational points, the increasing order of [IS(u) N M| is equal to dim S(u).

Let J = {my,...,my}, Pi = €>™ P, w; be as in Section 2. Recall that w? = P,. e’w;p*w® /w' has
zeros of order

1
(v+myu) —1— 5(1 — D)Min(K,u;) (resp. 2(v+m;,u;) — 1 — (I — 1)Min(K, u,))
along p~!(orb(7)), if Min(K,u,) is even (resp. odd). If [ = 1 or dim S(u) < r, then
1 1
{ve Mr | (v,us) > 1+ 5(1 — 1)Min(K, u,) for '7 € o(1), (v,u,) < §(l — 1)Min(K,u,)} =0

and hence there does not exist an element v in M such that e¥w;p*w®! /w! is contained in
HO(W \ p~(y0), Ow (IKw)) and has poles of order greater than or equal to [ along p~!(orb(u)).
Let ISN M = {v1,...,v5}. Then [e1p*w® /w!], ..., [e" p*w®! /w!] span

HO W, 0 (1K + 1F))/HY (W, O (1K + (1 — 1)F))
and linearly independent. O

in Theorem 10
mo} and hence

If o satisfies the condition in Proposition 11, K satisfies the conditions (iv), (
and there exists a l-dimensional cone in ¥ with the equality in (v), then S =
ks(W,p~1(yo)) = 0. All examples in Section 3 satisfy these conditions.

v)
{3

Example 7. Let o be the cone spanned by +2e; +e,, +este,, ..., te,._i+e,, where {e1,es,... €.}
is a basis of N. Let

Y = {faces of o(e,, te; +e,,...,+e,_1+e,),0(2ce; +e.,ee; +e.,+es+e.,...,+te._1+e.)|e==x1},

where o(u1,us,...,ur) is the cone spanned by uy, ug, ..., u,. Then o and ¥ satisfy the condition of
Proposition 11. Let k be an integer with 2 < k <r — 1 and let

K ={+2e5+---t2e;_ ,+4dej+t---tde;_,+4e’ +2e] t4e5+ - -+4e}_, t6e; L - -+b6e;_;+06er},

where {e}, e}, ..., e’} is the basis of M dual to {e;,ez,...,e,}. Then K satisfies the conditions (i), (ii)
in Theorem 3, Min(K, +2e; + e,) = Min(K,te; +e,) =2 for 2 <i <k — 1, Min(K, te; + e,) =0 for
k<i<r—1and Min(K,e,) = Min(K, +e; + e,) = 4. Hence

S(Rx>oer) = S(R>o(+er +e,)) ={zref + -+ ar_1€6;_1+2e | —1<z; <lfork<i<r-—1}.

Example 8. Let r = 3 and let
o =R>0"(2,0,1) + R>0"(2,1,1) + R>0%(0,2,1) + R>o"(—2,1,1) + R>0"(—2,0,1) + R>0"(0, —1,1).

Eﬂ{z:l} 2 t(072,1)

S
204+ 2=2 92 -1
t —2r+y+z=1 rty+z
H(-2,1,1) gpl 4 4 Na > G 11) S1,-1,4)
t(7270,1),, 2
& 4 & t(25071) —2r+z=2 20 +2z2=2

—y+z=1

Figure 6
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Let ¥ be as in Figure 6 and let

K ={(0,0,4),(0,4,4),(0,—-2,6), (4, —6, 14), (+4, —2,10), (£2,0,6), (£2,6,6) }.

Then K satisfies the conditions (i), (ii) in Theorem 3 and S(R>o'(£1,1,1)) = (0,0,2)(F1,—1,4),

S(R=0'(0,1,1)) = {(0,0,2)}, S(Rxo"(£1,0,1)) = S(Rx0"(0,0,1)) = (0,0,2)(0,1,2). (See Figure 6.

Numbers adjacent vertices denote Min(K, u,) for the cone 7 corresponding the vertices. |K(7)| > 1 for

the cones 7 corresponding to the vertices and edges drawn by thick lines.) Hence ks(W,p~1(yo)) = 1.
Let 3 = { faces of 0; | i = 1,2, 3,4}, where

o1 = R>¢"(2,0,1) + R>0"(—2,0,1) + R>0"(0,2,1),
o2 = R>0'(2,0,1) + R>0"(—2,0,1) + R>¢"(0,—1,1),
o3 = R>0"(2,0,1) +R>0"(2,1,1) + R>¢(0,2, 1),

or = R>0"(—2,0,1) + Rx0'(—2,1,1) + R>0%(0,2,1).

Then || = o and X is a subdivision of &. Let ¥ = TNemb( ) and let ﬁ/\ be the normalization of the hy-

persurface of Y x C defined by P—w? = 0. Let p : W — Y Ar e W — W and Ag W — W be the natural
projections. W has only log canonical singularities, by Theorem 10 (mo = (0,0,4), (0,2,4), (—-2,—2,8)
and (2,-2,8) for o1, o9, o3 and a4, respectively). Let CFf = orb(Rxo*(£2,0,1) + Rx0%(0,2,1)),
Cy = orb(R>0/(2,0,1) + R>¢(—2,0,1)) in ¥. Then the fibers of A; over generic points on p~(C5)
are elliptic curves and those over p~1(Cy) are cycles of 4 rational curves, because fibers of 7, over generic
points of CljE intersect B at 4 points and those over Cy are chains of 3 rational curves both sides of which
intersect B at 2 points, where 71 .Y — Y is the natural projection.

20{221} 2 t(072,1)

S
2+ 2z=2 92 -9
t 2rz+y+z=1 Tty+z
H(-2,1,1) 4 Na» @11 / 1,-2,6)
t(7270,1),’ P 4 3 6 (1/2571/253)
£(2,0,1) —2rx+z2=2 Q0+ 2 =4
1/2,2,3)
t(oa_lal)
—y+z=1

Figure 7
Example 9. Let 0 and ¥ be as in the above example and let

K ={(0,-2,6),(0,6,6), (2,0,6), (2,6,6), (4, —6,14), (4, —2, 10), (—2, —4,10)}.

Then K satisfies the conditions (i), (ii) in Theorem 3 and S(R>%(0,0,1)) = (1/2,-1/2,3)(1/2,2,3),
S(Rso'(—1,1,1)) = (1/2,-1/2,3)(1,—-1,4), S(R>0"(£1,0,1)) = S(R>0%(0,1,1)) = S(R>0"(1,1,1)) =0
(see Figure 7). Let ¥ = { faces of 0; | i = 0,2,4}, where o2 and o4 are as in the above example and

o0 = R>0"(2,0,1) + R>0"(2,1,1) + R>("(0,2,1) + R>0"(—2,0,1).

Let 57, W, P, A1, A2, C7 and Cy be as in the above example. Let v; = (1,—-2,4), va = (1,1, -2),

vg = (0,1, —1). Then {vy,ve,v3} is the basis of M dual to {#(—1,1,1),%(=2,1,1),%(0,2,1)}. Let z; = eV
for 1 <4 < 3. Then (22, 23) is a global coordinate of Ty := orb(R>o*(—1,1,1)),

P = 273 (c(a—6.10) + C0.~2.0)%2 + 23(Ca,—2.10) + C0.6)%) + 21Q)
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for a polynomial @, and the restriction of \; to Ty is expressed as (22, 23) +— 2z2. Hence the fibers of
A1 over generic points of p~1(C7) are elliptic curves which are biholomorphic to each other. While,
the fibers of p~1(Cy) consist of 5 rational curves crossing as Figure 3, because B intersects generic
fibers of the restriction of 7 :Y — Y to V(R>0%(0,0,1)) at 2 points, and does not intersect those to
V(R>o'(£1,0,1)).
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